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Abstract. Let f(x) =
n∑
i=0
aix
i be a polynomial with coefficients from the ring Z of
integers satisfying either (i) 0 < a0 ≤ a1 ≤ · · · ≤ ak−1 < ak < ak+1 ≤ · · · ≤ an for
some k, 0 ≤ k ≤ n − 1; or (ii) |an| > |an−1| + · · · + |a0| with a0 6= 0. In this paper,
it is proved that if |an| or |f(m)| is a prime number for some integer m with |m| ≥ 2
then the polynomial f(x) is irreducible over Z.
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1 Introduction
One of the major themes in the development of number theory is the relationship
between prime numbers and irreducible polynomials. There are better methods to
determine prime numbers than to determine irreducible polynomials over the ring Z
of integers. In 1874, Bouniakowsky [1] made a conjecture that if f(x) ∈ Z[x] is an
irreducible polynomial for which the set of values f(Z+) has greatest common divisor 1,
then f(x) represents prime numbers infinitely often. Bouniakowsky conjecture is true
for polynomials of degree 1 in view of the well known Dirichlet’s Theorem for primes
in arithmetic progression’s; however it is still open for higher degree polynomials. The
converse of the Bouniakowsky conjecture, viz. if f(x) is an integer polynomial such
that the set f(Z+) has infinitely many prime numbers, then f(x) is irreducible over
Z, is true; because if f(x) = g(x)h(x) where g(x), h(x) ∈ Z[x], then at least one
of the polynomials g(x), h(x), say g(x) takes the values ±1 infinitely many times
which is not possible, since the polynomials g(x) + 1 and g(x)− 1 can have at most
finitely many roots over the field of complex numbers. In this paper, we give a proof
(using elementary methods) of a similar version of the converse for a special class of
polynomials with a weaker hypothesis. Indeed we prove the following theorem:
Theorem 1.1. Let f(x) = anx
n + an−1x
n−1 + · · ·+ a1x + a0 ∈ Z[x] be a polynomial
which satisfies one of the following conditions:
(i) 0 < a0 ≤ a1 ≤ · · · ≤ ak−1 < ak < ak+1 ≤ · · · ≤ an for some k, 0 ≤ k ≤ n− 1;
(ii) |an| > |an−1|+ · · ·+ |a0| with a0 6= 0.
Suppose that |an| is a prime number or |f(m)| is a prime for some integer m with
|m| ≥ 2. Then f(x) is irreducible in Z[x]. Further if |m| is the rth power of some
integer, then f(xr) is irreducible in Z[x].
It may be pointed out that a similar result is proved in [3, Theorem 1] with a
different hypothesis.
2 Preliminary Results
Let the set {z ∈ C : |z| < 1} be denoted by C, where C denotes the complex numbers.
The following proposition proved in [2, Proposition 2.3] will be used in the sequel. We
omit its proof.
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Proposition 2.A. Let f(x) =
n∑
l=0
alx
l ∈ Q[x] and suppose that ai 6= 0 and aj 6= 0 for
some 0 ≤ i < j ≤ n. Suppose further that
∑
0≤l≤n;l 6=t
|al| ≤ q
t|at| (1)
for some 0 ≤ t ≤ n, with t 6= i and t 6= j, and some q ∈ R with 0 < q ≤ 1. If f(x) has
a zero α ∈ {z ∈ C|q ≤ |z| ≤ 1}, then equality holds in (1) and α2(j−i) = 1.
Now we prove two elementary lemmas which are of independent interest as well.
Lemma 2.1. Let f(x) = anx
n + · · ·+ a0 ∈ Z[x] be a polynomial such that 0 < a0 ≤
a1 ≤ · · · ≤ ak−1 < ak < ak+1 ≤ · · · ≤ an−1 ≤ an for some k, 0 ≤ k ≤ n − 1. Then
f(x) has all zeros in the set C.
Proof. We first show that f(x) has all zeros in {z ∈ C : |z| ≤ 1}. Suppose to the
contrary that f(x) has a zero α with |α| > 1. Then α is a root of F (x) = (x−1)f(x) =
anx
n+1 + (an−1 − an)x
n + · · ·+ (a0 − a1)x − a0. Therefore in view of the hypothesis
and the assumption |α| > 1, we have
|anα
n+1| ≤ a0 + (a1 − a0)|α|+ · · ·+ (an − an−1)|α|
n
< a0|α|
n + (a1 − a0)|α|
n + · · ·+ (an − an−1)|α|
n = |anα
n|
which is a contradiction as an > 0. Now we show that |α| < 1. Assume that |α| = 1.
Observe that the coefficients of xk and xk+1 in F (x) are negative and other coefficients
except an are non-positive. Thus the hypothesis of Proposition 2.A is satisfied for
t = n + 1, i = k, j = k + 1 and q = 1. By this proposition, we have α2 = 1, which is
impossible as f(1) and f(−1) are easily seen to be non-zero using the hypothesis.
Lemma 2.2. Let f(x) ∈ Z[x] be a polynomial having all its zeros in the set C. If
there exists an integer m with |m| ≥ 2 such that |f(m)| is a prime number, then f(x)
is irreducible in Z[x].
Proof. Suppose to the contrary that f(x) = g(x)h(x), where g(x), h(x) ∈ Z[x]. In
view of the hypothesis, at least one of |g(m)|, |h(m)| equals to 1. Say |g(m)| = 1.
Write g(x) = c
k∏
i=1
(x − αi), where αi ∈ C, 1 ≤ i ≤ k. Keeping in mind that |αi| < 1
3
and |m| ≥ 2, we have
|g(m)| = |c
k∏
i=1
(m− αi)| ≥ |c|
k∏
i=1
(|m| − |αi|) > |c|
k∏
i=1
(|m| − 1) ≥ 1,
which gives |g(m)| > 1, leading to a contradiction. Hence the lemma is proved.
Arguing as in the above lemma, the following lemma can be easily proved.
Lemma 2.3. Let f(x) ∈ Z[x] be a polynomial having all its zeros in the set {z ∈ C :
|z| > 1}. If |f(0)| is a prime number, then f(x) is irreducible in Z[x].
3 Proof of the Theorem 1.1.
Note that if f(x) satisfies condition (i) of the theorem, then in view of Lemma 2.1, it
has all its zeros inside the unit circle C = {z ∈ C : |z| < 1}. Observe that if (ii) holds
and |α| ≥ 1, then
|f(α)| ≥ |an||α|
n −
n−1∑
j=0
|aj ||α|
j ≥ |α|n
(
|an| −
n−1∑
j=0
|aj|
)
> 1,
so f(α) 6= 0. Thus, in case f(x) satisfies condition (ii) of the theorem then all its
roots lie in C. As a0 6= 0 by hypothesis, it now follows that all roots of the polynomial
xnf( 1
x
) = g(x)(say) lie in the set {z ∈ C : |z| > 1}. Therefore when |an| = |g(0)| is
a prime number then g(x) is irreducible over Z by virtue of Lemma 2.3 and hence is
f(x). If there exists an integer m with |m| ≥ 2 such that |f(m)| is prime then f(x)
is irreducible over Z in view of Lemma 2.2. It only remains to be shown that if |m|
is a rth power of some integer then f(xr) is irreducible over Z. Since all the roots of
f(x) lie in C, therefore so do the roots of f(±xr). As |f(m)| is a prime number, the
desired assertion follows from Lemma 2.2.
The following examples are quick applications of Theorem 1.1.
Example 3.1. Let 22
n
+ 1 be a prime number for some n ∈ N. Then the polyno-
mial F (x) = (22
n
+ 1)xn + an−1x
n−1 + · · · + a1x + a0 with 1 ≤ a0 ≤ · · · ≤ ak−1 <
ak < ak+1 ≤ · · · ≤ an−1 ≤ 2
2n+1 for some 1 ≤ k ≤ n−1 is irreducible by Theorem 1.1.
Example 3.2. Let F (x) = 10x5+3x4+2x3+x2+1 be a polynomial. Since F (2) = 389
is a prime, F (x) is irreducible in view of Theorem 1.1.
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Example 3.3. Let f(x) = 251x10+210x9−211x8+215x7−216x6−1 be a polynomial.
One can check that f(2) = 261 − 1 is a prime number (Mersenne prime) and f(x)
satisfies condition (ii) of the Theorem 1.1. Therefore f(x) is irreducible in Z[x] in
view of Theorem 1.1.
References
[1] V. Bouniakowsky, Nouveaux théorèmes relatifs à la distinction des nombres pre-
miers et à la décomposition des entiers en facteurs, Mém. Acad. Sc. St. Péters-
bourg 6 (1857), 305–329.
[2] J. Harrington, L. Jones, A Class of Irreducible Polynomials, Colloq. Math. 132
(2013), 113-119.
[3] M. R. Murty, Prime numbers and irreducible polynomials, Amer. Math. Monthly,
109(5) (2002), 452 - 458.
5
